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Abstract. Let {Xt,t > 1} be a sequence of identically distributed and pair- 
wise asymptotically independent random variables with regularly varying tails 
and {@t,t > 1} be a sequence of positive random variables independent of 
the sequence {Xt,t > 1}. We shall discuss the tail probabilities and al- 
most sure convergence of Xr^ = ®*-^t~ (where X + = max{0, X}) 
an d maxKKoo yi+— 1 QtXt and provide some sufficient conditions motivated 
bv lDenisov and Zwarj j2007T ) as alternatives to the usual moment conditions. 
In particular, we illustrate how the conditions on the slowly varying function 
involved in the tail probability of X\ helps to control the tail behavior of the 
randomly weighted sums. 

Note that, the above results allow us to choose Xi, X%, ... as independent 
and identically distributed positive random variables. If X\ has regularly vary- 
ing tail of index —a, where a > 0, and if {&t,t > 1} is a positive sequence 
of random variables independent of {Xt}, then it is known, which can also 
be obtained from the sufficient conditions above, that under some appropri- 
ate moment conditions on {0t,t > 1}, X( !x .) = yi^U QtXt converges with 
probability 1 and ha s regularly varying ta il of index —a. Motivated by the 
converse problems in ljacobsen et aLl [|2009h we ask the question that, if Xj ;x .; 
has regularly varying tail, then does Xi have regularly varying tail under some 
appropriate conditions? We obtain appropriate sufficient moment conditions, 
including nonvanishing Mellin transform of ®< along some vertical line in 

the complex plane, so that the above is true. We also show that the condition 
on the Mellin transform cannot be dropped. 



1. Introduction 

Let {X t , t > 1} be a sequence of identically distributed, pairwise asymptotically 
independent, cf. ()2.1[) . random variables and {<dt,t > 1} be a sequence of positive 
random variables independent of the sequence {X t ,t > 1}. We shall discuss the tail 
probabilities and almost sure convergence of X/^ — J2u=i ®tX^~ (where X + — 
max{0,X}) and maxi<fe <00 53t=i ®tXt, in particular, when AVs belong to the 
class of random variables with regularly varying tail and {0*,i > 1} satisfies some 
moment conditions. We shall say that a random variable X with distribution 
function F has regularly varying tail of index —a, if F(x) :— 1 — F(x) is a regularly 
varying function of index —a, that is, for any t > 0, as x — > oo, F(tx) ~ t~ a F(x). 
Here and later, for two positive functions a(x) and b(x), we write a(x) ~ b(x) 
as x — > oo, if lirtix-^oo a(x)/b(x) = 1. For a > 0, the convergence in the limit 
of the ratio of the tail probabilities is uniform in t on the intervals of the form 
[a, oo) with a > 0. Note that, we require the upper endpoint of the support of 
X to be oo. In recent times, there have been quite a few articles devoted to the 
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asympto tic tail behavior of randomly weighted sums and their maxima, (see, for 
example, Chen et all. 2005 L Hult and Samorodnitskv , 2008 , Resnick and Willekens , 



199lUWang and Tand . l2006l IZhang et all l2009t ). 



The question about the tail behavior of the infinite series X^^ with non-random 
Qt and i.i.d. X t having regularly varying tails has been studied well in the literature, 
as it arises in the cont ext of the linear processes , including ARMA and FARIMA 
processes. We refer to IJessen and Mikoschl (|2006f ) for a review of the results. The 
case, when t 's are random, arises in various areas, especially in actuarial and 
eco nomic situations and stochastic recurrence equation . For various applications, 
see lHult and Samorodnitskvl d2008l) . IZhang et ail (|2009f). 



Resnick and Willekens! (|199ll ) showed that if {Xt} is a sequence of i.i.d. non- 
negative random variables with regularly varying tail of index —a, where a > 
and {Qt} is another sequence of positive random variables independent of {At}, 
the series -X"(oo) has regularly varying tail under the following conditions, which we 
shall call the RW conditions: 

(RW1) If < a < 1, then for some e € (0, a), J^Zi E[0^ +e + 9^ £ ] < oo. 
(RW2) If 1 < a < oo, then for some e € (0,a), E^i( E [Q? +£ + SM)^ < oo. 
In this case, we have P[A( 00 j > x\ ~ J2t°=i E [©"] P[Ai > x] asi-> oo. 

Remark 1.1. Each of the RW conditions implies the other for the respective ranges 
of a. In particular, if < a < 1, choose e' < e such that a + e' < 1. Note that 



J2ne? +t ' + er e '] < 2^E[er +£ 'i [ e t > 11 +er'i [et<1 ]] 

t=l 

oo oo 

< 2 £ E[e t a+e i[e t >i] + er e i [0t <i]] < 2 E[er e + er e ] < oo. 



1=1 



t=l t=l 



Further, since a + e' < 1, we also have £fci( E [ t Q+e ' + 9°' e '])~ < oo. On the 
other hand, if a > 1 and e > 0, then a + e > 1 and the condition (|RW2p implies 

£ t =iE[e? +£ + en<oo. 

IZhang et al.l ( 20091) considered the tails of J2t=i ®tXt and the tails of their max- 



ima, when {X t } are pairwise asymptotically independent and have extended regu- 
larly varying and negligible left tail and {Qt} are positive random variables inde- 
pendent of {A t }. The sufficient conditions for the tails to be regularly varying are 
almost similar. 

While the tail behavior of X/^-j requires only the a-th moments of Ot's, we 
require existence and summability of some extra moments in the RW conditions. 
Note that 0" +e acts as a dominator for [0 t > 1] and 0" _e acts as a domina- 
tor for [Qt < 1]- In some cases, the assumption of existence and summability 
of extra moments can become restrictive. For example, consider {Qt} such that 
IXi E[9" +e ] = oo for all e > but E [ ?] < 00 • ( A particular choice of 

such {8(}, for a < 1 is as follows: Q t takes values 2 t /t 2 ^ a and with probability 
2~ ta and 1 — 2~ ta respectively.) Also let {X t } be i.i.d. Pareto with parameter 
a < 1, independent of {Qt}- Then it turns out, after some easy calculations, that 
Y^t°=i QtXt is finite almost surely and has regularly varying tail of index —a. This 
leads to the question whether we can reduce the moment conditions on Qt to obtain 
the regular variation of the tail for A( oc ) . 
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The situation becomes clearer when we consider a ge neral term of the series. It in- 

volve s the product QtXt. Using Breiman's theorem fcf. lBreiman . 1965 , Cline and Samorodnitskv 



19941 ), the tail behavior of the product depends on the moments of 0t. Breiman's 
theorem states that, if X is a random variable with regularly varying tail of index 
—a for some a > and is independent of a positive random variable O satisfying 
E[8 Q+e ] < oo for some e > 0, then, 

lim P[QX > x] ~ E[Q a ]P[X > x\. (1.1) 

x— >oo 

Note that, in this case, we work with a probability measure P[0t G •], unlike in the 
problem of the weighted sum, where a a-finite measure Ylt=i '] ^ s considered. 

In this case, we can consider the dominator as 1 on [0 < 1] instead of Q_e , since 
1 is integrable with re s pect t o a probability measure. 

Denisov and Zwartl ( 20071 ) relaxed the existence of (a + e) moments in Breiman's 



theorem to E[0 Q ] < oo. They also made the further natural assumption that P[0 > 
x] = o(P[X > x]). However, to obtain (jl.ip . the weaker moment assumption needed 
to be compensated. They obtained some sufficient cond itions for (11.11) to hold. W e 



would like to find conditions similar to those obtained bv lDenisov and Zwart ( 2007 ). 
which will guarantee the regular variation of Xr^ . 

In the above discussion, we considered the effect of the tail of X\ in determining 
the tail of -X"(oa). However, the converse question is also equally interesting. More 
specifically, let {X t } be a sequence of identically distributed, asymptotically inde- 
pendent, positive random variables, independent of another sequence of positive 
random variables {6 t }. As before, we define X^ = YHtLi ®tX t and assume that 
A(oo) converges with probability one and has regularly varying tail of index —a 
with a > 0. It is interesting to obtain sufficient conditions which will ensure that 
X\ has a regularly varying tail of index —a as well. 

Similar converse questions regarding Breiman's theorem (jl.l[) have recently been 
considered in the literature. Suppose X and Y are positive random variables with 
E[Y a+e ] < oo and the product XY has regu larly varying tail of index —a, a > 0. 
Then it was shown in Jacobsen et al.l ( 20091 ) that X has regularly varying tail of 



same index and hence (jl.ip holds. They have also obtained results for the weighted 
series, when the weights {Ot} are nonrandom. We shall extend this result for 
product to the case of randomly weighted series under appropriate conditions. 

In Section [2] we first describe the various classes of heavy tai led distributions and 
describe the conditions imposed by iDenisov and Zwart ( 20071 ). We study the tail 



behavior when finite weighted sums are considered. In Section [3] we describe the 
tail behavior of the series of randomly weighted sums. In Section U we consider the 
converse problem described above. We prove the converse result is true under the 
RW conditions and the extra assumption of nonvanishing Mellin transform. We 
also show the necessity of this extra assumption. 



2. Notations and preliminary results 

We first introduce a few classes of random variables, which will be required for 
the rest of the discussion. A random variable X with distribution function F is 
called long tailed, if for any fixed y € K and as x — > oo, we have F(x — y) ~ F(x). 
The class of long tailed distribution is denoted by C. Observe that for F 6 C, we 
need F(x) > for all x > 0. The class C is related to the class of distributions 
with regularly varying tail by the fact that F £ C if and only if F(log(-)) is slowly 
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varying, that is, regularly varying of index 0. Equivalently, the random variable X 
has distribution function in the class £ if and only if exp(A) has a regularly varying 
tail of index 0. 

A nonnegative function /, which does not vanish for all large x, is in the class 
of subexponential densities (denoted by Sd), if it satisfies the property 

rx f(x-y) 



lim 



-f{y)dy 



f(u)du < oo. 



If, for some random variable X, the tail probability distribution function F(x) — 
P[X > x] is in the class of subexponential densities, we say that X is in S* . Again, 
if F € S*, we need F(x) > for all x > 0. 

A distribution function F belongs to the class 5(7) with 7 > if, for all real it, 



lim 



F{x 



— P 7« 



F{x) 



and lim 



F * F{x) 
F{x) 



= 2 



F(dy) < 00. 



The class S := S ( 0) is c alled the class of subexpon ential distribution functions. See 
Embrechts et al, I (|l997t ). iKliippelber j (|l988l . Il989h for properties of these classes. 



We call two random variables X\ and Xi to be asymptotically independent if 
P[Xj > x, X 2 > x 



lim 



= 0, for t = 1,2. 



(2.1) 



P[X t > x] 

See lLedford and Tawnl (|l996l . ll997l) or Chapter 6.5 of lResnickl (|200it ) for discussions 
on asymptotic independence. Note that, we require F t (x) > for all x > and t — 
1, 2. Observe that if X\ and X2 are independent, then they are also asymptotically 
independent. Thus the results under pairwise asymptotic independence condition 
continue to hold in the independent setup. 

A random variable X is said to have negligible left tail with respect to the right 
one, if 

P[X < -x] 



lim 



= 0. 



(2.2) 



>oo P[X > X] 

Note that we require P[X > x] > for all x > 0. 

The random variables with regularly varying tails will play a central role in this 
article. Note that, if X has a regularly varying tail of index —a, then x a P[X > x] 
is a slowly varying function, that is, a regularly varying function with index 0. By 
Ka ramata's representat i on, a slowly varying function L can be one of the four types 
fcf . iDenisov and Zwart . 2007 , Lemma 2.1), namely, 

(1) L(x) = c(x), 

(2) L(x) = c(x)/P[V > log a;], 

(3) L(x) = c(x)P[U > logx], 

(4) L{x) = c(x)P[U > logx]/P[V > logx]. 

In the above representations, c(x) is a function converging to c G (0, 00), and U 
and V are two long-tailed random variables with hazard rates converging to 0. We 
shall refer to a slowly varying function L as of type 1, type 2, type 3 or type 4, 
ac cording to the above repre sentations. 

Denisov and Zwar t (2007) introduced the following sufficient conditions on the 
slowly varying part L of the regularly varying tail of index —a of a random variable 
X with distribution function F(x) — x~ a L(x) for Breiman's theorem (jl.lj) to hold: 

(DZ1) Assume lim^oo sup ye[1 ^ L(y)/L(x) := D\ < 00. 
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(DZ2) Assume L is of type 3 or type 4 and L(e x ) € Sd- 

(DZ3) Assume L is of type 3 or type 4, U e S* and P[0 > x] = o(a;- Q P[U > 
log x]). 

(DZ4) When E[U] = oo or equivalently E[A a ] = oo, define m(x) = j Q x v a F(dv) -> 
oo. Assume limsup^^ sup ^/x< y < x L(y)/L(x) :— D 2 < oo and P[6 > x] = 
o(P[X > x]/m(x)). 

We shall refer to these conditions as the DZ conditions. F or further discussions 
on the DZ conditions, we refer to Denisov and Zwartl ( 2007 ). Denisov and Zwart 



proved the following lemma: 

Lemma 2.1 ( Denisov and Zwart . 120071 Section 2). Let X be a nonnegative randc 



lorn 

variable with regularly varying tail of index —a, a > and be a positive random 
variable independent of X such that E[0 Q ] < oo and P[0 > x] = o(P[A > x]). If 
X and satisfy any one of the DZ conditions, then (jl.ip holds. 

The next result shows that asymptotic independence is preserved under multi- 
plication, when the DZ conditions are assumed. 

Lemma 2.2. Let X\,X 2 be two positive, asymptotically independent, identically 
distributed random variables with common regularly varying tail of index —a, where 
a > 0. Let ©i and ©2 be two other positive random variables independent of the 
pair (Xi,X 2 ) satisfying E[0™] < oo, t = 1,2. Also suppose that P[0< > x] = 
o(P[Ai > x\) for t = 1,2 and the pairs (0i,Xi) and (©2,^2) satisfy any one of 
the DZ conditions. Then ©iA^ and ©2A 2 are asymptotically independent. 

Proof. Here and later G will denote the joint distribution function of (©i, ©2) and 
Gt will denote the marginal distribution functions of ©4. 

p[e 1 x 1 >x,e 2 x 2 >x] = rr rr p[x 1 >x/u,x 2 >x/v] c 

P[ATi>x] JJ U < V JJ U>V P[X 1 >x] 

-Jo P[X 1 >x/v] P[X 1>X ] 11 2,y ' 

The integrand converges to 0. Also, the first factor of the integrand is bounded by 
1 and hence the integrand is bounded by the second factor, which converges to v a . 
Further, using Lemma |2. 11 we have 

P[Xi > x/v] . ^ ^ P[®xX x >x}+ P[© 2 X! > x] 

-{Lri + u 2 ){av) — 



P[Ai > x] v /v ' P\X X > x] 

poo 

— > E [©"] + E [©2 ] = / v a {G 1 +G 2 )(dv). 
Jo 

Then the result follows using Pratt's lemma, cf. iPratt (jl960l) . □ 



The next lemma shows that if the left tail of X is negligible when compared to 
the right tail then the product has also such a behavior. 

Lemma 2.3. Let X have regularly varying tail of index —a, for some a > 
satisfying (|2.2I) and be independent of X satisfying E[0"] < 00 and P[0 > x] = 
o(P[A > x]). Also suppose that (0, A) satisfy one of the DZ conditions. Then, for 
any u > 0, 

P[0A<-^ =o 

x^co p[ex > x] 
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The proof is exactly similar to that of Lemma 12. 2\ except for the fact that the 
first factor in the integrand is bounded, as, using (|2.2j) . P[X < — x]/P[X > x] is 
bounded. We skip the proof. 



The following result from iDavis and Resnickl (|1996h considers a simple case of 
tail of sum of finitely many random variables. 

Lemma 2.4 ( Davis and Resnickl . 1 1996 . Lemma 2.1). Suppose Y±, Y2, . . . , are 

nonnegative, pairwise asymptotically independent (but not necessarily identically 
distributed) random variables with regularly varying tails of common index 
where a > 0. If, for t = 1, 2, . . . , k, P[Y t > x]/P[Yi > x] c%, then 



-a, 



Cl 



Cfc- 



and 



P[Yi > x] 

We have the following corollary by applying Lemma 12.41 with Yt — 0t^ t + 
the modified Breiman's theorem in Lemma |2 . 1 1 under the DZ conditions. 

Corollary 2.1. Let {X t } be a sequence of pairwise asymptotically independent, 
identically distributed random variables with common regularly varying tail of index 
—a, where a > 0, which is independent of another sequence of positive random 
variables {0t} satisfying E[0"] < 00, for all t. Also assume that, for all t, P[0( > 
x] = o(P[Xi > x\) and the pairs (0 t ,X t ) satisfy one of the DZ conditions. Then 
we have 



> X 



p[x, > x}j2m?i 



Using Lemmas 1 2. 1H2. 41 and Corollary 12.11 and arguing as in Theorem 3.1(a) of 
Zhang et al.l (l2009h . we h a ve th e following result. (Note that the proof of Theo- 



rem 3.1(a) of lZhang et al. ( 20091 ) require only the results obtained in Lemmas |2. If 
23] and Corollary O) 

Proposition 2.1. Let {X t } be a sequence of pairwise asymptotically independent, 
identically distributed random variables with common regularly varying tail of index 
—a, for some a > satisfying ()2.2|) . which is independent of another sequence 
of positive random variables {0t}- Further assume that, for all t, P[0t > x] = 
o(P[Xl > x]) and E[0"] < 00. Also assume that the pairs (Q t ,X t ) satisfy one of 
the DZ conditions. Then, 



max 

Kk<? 



> x 



.t=i 



e t x+ > x 



P[Xi > x] Ve[© 



t=l 



3. The tail of the weighted sum under the DZ conditions 



In Proposition 12. 1[ we saw that the conditions on the slowly varying function 
helps us to reduce the moment conditions on {0t} for the finite sum. However 
we need some additional hypotheses to handle the infinite series. To study the 
almost sure convergence of -X^) = X^t^i ®t^t + ; observe that the partial sums S n — 
Y^t=i ©t^4 + increase to X^y We shall show in the following results that PfX^) > 
x] ~ P[Xt > x\J2Zi E i @ t] under suitable conditions. Thus if J2Zi E i Q f] < °°> 
then lim^^oo PLY^) > x] = and -XVqq) is finite almost surely. 

To obtain the required tail behavior, we shall assume the following conditions, 
which weaken the m oment requirements of |0tl a ssumed in the conditions (jRWlj) 
and (|RW2j) given in iResnick and Willekensl (|l99lh : 
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(RW1') For < a < 1, J^Zi E I ?] < 00 ■ 

(RW2') For 1 < a < oo, for some e > 0, E^i( E [ r])^ < °°- 
We shall call these conditions modified RW moment conditions. 

Remark 3.1. As observed in Remark II .![ for a > 1 and e > 0, the finiteness of the 
sum m (lRW2'jl implies E^i( E [©?]) 

< oo. Thus to check the almost sure finiteness 
of -XVqq), it is enough to check the tail asymptotics condition: 



P[X (oo) > x] < 



OO 



We shall prove it under the above model together with the assumption that 
P[9t > x] = o(P[Xi > x}) and one of the DZ conditions. We need to as- 
sume an extra summability condition for uniform convergence, when the condi- 
tions (jDZ2l) . (|DZ3|) or dDzt)) hold. 

Further note that QiXi < maxi<„ <00 5Z™ =1 QtXt < -X"(oo) an d hence the almost 
sure finiteness of X^) guarantees that maxi<„ <00 X)"=i ®t%t is a valid random 
variable. 

Theorem 3.1. Suppose that {X t } is a sequence of pairwise asymptotically indepen- 
dent, identically distributed random variables with common regularly varying tail of 
index —a, where a > 0, satisfying (12.21) . which is independent of another sequence 
of positive random variables {Ot}- Also assume thatP[Q t > x] = o(P[-X"i > x]), the 
pairs (0{,Xt) satisfy one of the four DZ conditions (|DZip - (|DZ4p and, depending 
on the value of a, the modified RW moment conditions (IRWI'I) or (|RW2'[) holds. 
If the pairs (9 t ,X t ) satisfy DZ condition (|DZ2]> . ([DZ3]) or ([DZi]) . define 



SUD p [ e '>"] 

b ^Px P[X!>x] 



Ct 



sup 



p[e t >x] 



x x- a P[U>logx] ' 
P[e t >£cl i \ 
> SU Px p{ Xl >x\ m ( X )> 



and further assume that 

oo 

^2 C t < oo, 



< oo, 



when (|DZ2j) holds, 
when (|DZ3p holds, 
when (|DZ4j) holds, 

when a < 1, 
when a > 1. 



(3.1) 



(3.2) 
(3.3) 



The 



Kn<oo 



> X 



t=l 



P[X (oo) >x] ~P[X t >x]^E[e t Q ] 



and -X"(oo) * s almost surely finite. 

Proof. For any m > 1, we have, by Proposition 12.1 



max > 0tX t > a; > P max > 0tX t > a; 



P[X 1>a r]gE[e?] 
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leading to 



liminf n^< n < T Et^ t X t > X ] > ~ 



Similarly, comparing with the partial sums and using Proposition 12. 1[ we also get 
liminf 



. V k (-)': 

^^oo p[Xi >x] ~ fr! 1 1 J 



For the other inequality, observe that for any natural number m, < S < 1 and 
x > 0, 



max > @tXt > x 

Kn<co z — ' 



< P 



max Q t X t > (1 - S)s 

Kn<m ^ 



t=l 



J2 ®tXf > Sx 



_t=m+l 



For the first term, by Proposition 12.11 and the regular variation of the tail of X\ , 
we have, 



lim 

x— ^oo 



P [maxi<„< m Y,t=i ®tX t > (1 - S)x] 



P[Xi > x] 



(i -sy a j2 E t e "i < a - *r a E E[e?]. 



Also, for X(oo), we have, 
P [X (oo) > x] < P 



5^e t x t +>(i-j)3 



{=i 



£ e t x+ > sx 



_t=m+l 



and a similar result holds for the first term. 

Then, as X\ is a random variable with regularly varying tail, to complete the 
proof, it is enough to show that, 



,. ,. PlEZm+lQtXt > X] 
lim limsup „ r „ ; = U. 



P[Xi > x] 



(3.4) 



Now, 



<P 



J2 ®tX t + >x 

_t=m+l 

oo 

V e ^ + > 

< P{QtX t >x] + p 



t=m+l 



J2 ® t x+>x, V/ e t x+<x 

-m+1 t—m-\- 

22 e t x+i [etX +< x] > 



t=m+l 



(3.5) 



We bound the final term of (|3.5j) separately in the cases a < 1 and a > 1. In 
the rest of the proof, for a > 1, we shall choose e > 0, so that the condition (|RW2'I) 
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holds. We first consider the case a < 1. By Markov inequality, the final term 
of (|3.5|) gets bounded above by 



® tX t 1 [& t X + <x] 



t=m+l 



t=m+l 



E 



E / 4 E 



ELY+1 



X t +1 [X t + <*M 
[X+<x/«] 



Gt(d«) (3.6) 
P[X t > a;/«]G t 



s/«P[JT t + > a?/» 

Now, using Karamata's theorem (cf. iResnlck . 2007 . Theorem 2.1), we have 



E 



lim 



X t \x+<x/v] 



and, for x < 1, we have E[X+l [x+<x/v] ]/(xP[X+ > x]) < 1/P[^i + > 1]. Thus, 



E[XZt [x + <x/v] ]/(x¥[Xl > x]) is bounded on (0,oo). So the final term of flOJ) 

becomes bounded by a multiple of J2tZ m +i P[©t^t > x \- 

When a > 1, using Markov inequality on the final term of (|3.5p . we get a bound 
for it as 



1 



r a+e 



■E 



a+e 



<.c] 



and then using Minkowski's inequality, this gets further bounded by 



1 



l \ a+e 



E E ^(©^T^W^ 

°° r />cc 

£ / n ( a; / U )-^E[(X+) a+e l [Xt+ ^ ] jG t (^) 



l \ a+e 



(3.7) 



E 

t=m+l 



E 



a+e 



o {x/v) a +*P[X+ > x/v] 



P[X t >x/v}G t {dv) 



Then, again using Karamata's theorem, the first factor of the integrand converges 
to a/e and, arguing as in the case a < 1, is bounded. Thus the final term of Q3.5P 
is bounded by a multiple of [ES=m+i ( P i @ t X t > z]) 1/(a+e) ] Q+e - 
Combining the two cases for a, we get, for some L\ > 0, 



P[EZ m+ i^x+>x] 



p[e t x t >x] 



< < 



P[Xi > x] 
To prove Q3.4p . we shall show 



^1 Efcm+l V[X x >x 

E 



P[e t A t >a:] 
H=m+l P[Xi>x] 



Z-(t=TO+l ^ P[X ± 

p[e t x t > x 



X t >x] \ "+« 
>x] 



a+t 



when a < 1, 



when a > 1. 



P[Xi > z] 



< B t 



(3.8) 
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for all large values of x, where 

oo 

B t < oo, for a < 1, 

oo' = \_ (3-9) 
B t a+C < oo, for a > 1. 

t=i 

As mentioned in Remark 13.11 for a > 1 and e > 0, Ylt^i B^ a+e < oo will also 
imply X)fci < 00 ■ Thus, for both the cases of a < 1 and a > 1, the sums 
involved will be bounded by the tail sum of a convergent series and hence (|3.4[) will 
hold. 

First observe that 

P[X 1>X ] =J P[ Xl > x] Gt{dv) - (3 - 10) 

We break the range of integration into three intervals (0, 1], (1, x] and (x, oo), where 
we choose a suitably large x greater than 1. 

Since F is regularly varying of index —a with a > 0, P[Xi > x/v]/ P[X\ > x] 
converges uniformly to v a for v € (0,1) or equivalently 1/d £ (l,oo). Hence the 
integral in p. 101) over the first interval can be bounded, for all large enough x, as 

For the integral in p.lOp over the third interval, we have, for all large enough x, 
by (EED (for the conditions (|DZ2|) . ([DZ3]) and (|DZ4)l only), 

P ^ >X ^-G t (dv)< Pl6t>X] 



P[Xx >x) v ' ~ P[X X > x\ 



( ^ZnQ < 2£>iS|S, by Markov's inequality, when (jDZT]) holds, 

C t , when (jDZ2l) holds, 

cWx^pglogx] < f g *> when ©Z3| holds, 
Cj, as m(x) —J- oo, when (IDZ4[) holds. 

(3.12) 

Note that, when the condition (|DZ3[) holds and L is of type 4, we can ignore the 
factor P[V > logx], as it is bounded by 1. 

Finally, we consider the integral in (|3.10p over the second interval separately for 
each of the DZ conditions. We begin with the condition (IDZ1[) . In this case, we 
have, for all large enough x, 

— -r— T-G t (dv) < / v Gt(dv) 

P[X! >x] J l L{x) 

< sup TT^r E [9"] < 2Di E [6"] . (3.13) 
ye[l,x] L(x) 

Next we consider the condition (|DZ2p . Integrating by parts, we have 

r p [x, > x/v] „ , _ ^. DrQ ^ nl , f p[e t > v] 



P[Xi > x] 



] -G t (dv) < P[6 t > 1] + r P [Xi > x/v] 

Ji F l x i > x\ - 



TAIL BEHAVIOR OF RANDOMLY WEIGHTED SUMS 



11 



Using Markov's inequality and (|3.ip respectively in each of the terms, we have 
P [Xi > x/v] 



l -G t (dv) < E[0?] + C t [ X l\^l V \ d v P [X, > x/v] 



1 1 P[Xi > x] 

Substituting u — logv 1 the second term becomes, for all large x, 

c,r w^ 4 p hI ,>,„ ei -»i 

J P [log X% > logx] 

< 2C t E[exp(a(logX 1 )+)] < 2C t E[X?], 
where the inequali ties follow, since L(e x ) £ Sd implies (logXi) + g S(a), cf. 



equi 

Kliippelberd (fl989l) . Thus, 

[ V[ V[X^>x} Gt{dv) ~ E[6?] + 2Ct E[Xf] - (3 - 14) 

Next we consider the condition (|DZ3p . In this case, we have 

P[X! > x/v] r L{x/v) 

-G t {dv) = / v a G t {dv) 



V[X l >x] IV ' J l L{x) 

< SUP rp[^/> logx -fog,] 

'veil*] c(a;) A P[£/>logx] n y 

If L is of type 4, the ratio L(x/v)/L(x) has an extra factor P[V > logx]/P[V > 
logx — logw], which is bounded by 1. Thus the above estimate works if L is either 
of type 3 or of type 4. Since c(x) 4c£ (0,oo), we have SMp ve i Nx \c(x/v)/c(x) :— 
L2 < oo. Integrating by parts, the integral becomes 

P[E?>I Q gx-logi;] 



P[U> logx] 



P[U > logx- log W ]P[6 t > v] __.„ , 



< P[9 t > 1] + / -i » * : — iot^- 1 * 

' P[(7 > logxj 



pi^ io g , -io g „]. 

J i P[U>\ogx] 



The first term is bounded by E[0f] by Markov's inequality. By (|3.1[) . the second 
term gets bounded by, for all large enough x, 

r pju > io g x -log,] p[u> io S v] < 2aCt 

Ji P[U > logx] 



as U belongs to S* . Again, by (|3.1[) . the third term gets bounded by, for all large 
enough x, 

[* P [U> log v]d v P[U> logx -logv] 
Ct k P[c/>logx] 
as C/ belongs to S* and hence is subexponential, cf. Kliippelberj (1988). Combining 
the bounds for the three terms, we get 

rx P[X X > x/v] 



[ 



/( >-G t (dv)<L 2 {E[e?] + 2(aE[U]+2)C t }. (3.15) 

Finally we consider the condition (|DZ4j) . In this case, we split the interval (1, x] 
into two subintervals (l,y/x] and (y/x,x] and bound the integrals on each of the 
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subintervals separately. We begin with the integral on the subinterval (1, y/x]. 

Ji L ( x ) ve(i,Vx\ L ( x ) Ji 

For the integral over (y/x,x], we integrate by parts to obtain 

X ^v"G t (dv) < P[6 t > V*}^^ + f Z&^WLWv)). 
L(x) L[x) L(x) 

By Markov's inequality, the first term is bounded by D2 E[0"]. The second term 
becomes, using f|3 . 1 [) . 



p[e t > v ] xadv ^ Xi < x/vV) < c t f Pt-Xi > v L « dv (p[ Xl < x/v}) 



C t f x L{v)f.r^ 



m{v x ) Jsji H x ) Vw/ 

J X y a d y (P[X 1 < y]) < D 2 C t . 



< £> 2 Ct 



m(y/x) 

Combining the bounds for the integrals over each subinterval, we get 

f ^fy^^ ^W - ^(2E[0f] + C t ). (3.16) 
P[Ai > x\ 

Combining all the bounds in (|3.11l) - (|3.16[) . for some constant B, we can choose 
the bound in (13.81) as 



B 



J£E[0?], when the condition (jDZTj) holds, 

\B(E[6f] + C t ), when the conditions fPZ2j) . (|PZ3|) or (jPZ4j) hold. 

Then, for a < 1, the summability condition (|3.9I) follows from the condition (1RWT'[) 
alone under the condition (jPZll) and from the condition (jRWl'l) together with (13. 2[) 
under the conditions (jDZ2|) . (IDZ3[) or (|DZ4I) . For a > 1, under the con dition (jPZll) . 
the summability condition (|3.9I) follows from the condition (|RW2'[) . Finally, to 
check the summability condition (I3.9|) for a > 1, under the condition (|PZ2[) . (|PZ3[) 
or (|PZ4I) . observe that as a > 1 and e > 0, we have 

(E[0f] +C t )^< (E[0 t Q ])^ + c-^ 
and we get the desired condition from the condition (|RW2'[) , together with (|3.3[) . □ 

4. The tails of the summands from the tail of the sum 

In this section, we address the converse problem of studying the tail behavior 
of X\ based on the tail behavior of X/^y For the converse problem, we restrict 
ourselves to the setup where the sequence {X t } is positive and pairwise asymp- 
totically independent and the other sequence {©*} is positive and independent of 
the sequence {A~ t }, such that Xr^ is finite with probability one and has regularly 
varying tail of index —a. Pepending on the value of a, we assume the usual RW 
moment conditions (IRW1I) or (|RW2[) for the sequence {0*}, instead of the modi- 
fied ones. Then, under a further assumption of the non-vanishing Mcllin transform 
along the vertical line of the complex plane with the real part a, we shall show that 
X\ also has regularly varying tail of index —a. 
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We use the extension of the notion of product of two independent positive random 
variables to the product convolution of two measures on (0, oo), which we allow to 
be cr-finite. For two cr-finite measures v and p on (0, oo), we define the product 
convolution as 



v®p{B) = / v{x-'B)p{dx), 



for an y Borel subset B of (0, oo). We shall need the following result from lJacobsen et al 
(|2009h . 

Theorem 4.1 (jjacobsen et all 120091 Theorem 2.3). Let a non-zero a-finite mea- 
sure p on (0, oo) satisfies, for some a > 0, e € (0, a) and all (3 G M, 

v y *+^ p{dy) < ( 4>1 ) 

JO 

and 

poo 

y a+ ^p(dy) ± 0. (4.2) 

Suppose, for another a-finite measure v on (0,oo), the product convolution mea- 
sure v © p has a regularly varying tail of index —a and 

v r Jo p( x /y,°°) u (dy) . . 

hm hm sup — — = 0. (4.3) 

b^0 x ^oo [V © p)(x, OO) 

Then the measure v has a regularly varying tail of index —a as well and 

lim^^= fVp(4,). 

x-yoo l/[X,0O) J 

Conversely, if (|4.1I) holds but (|4.2I) fails for the measure p, then there exists 
a a-finite measure v without regularly varying tail, such that v © p has regularly 
varying tail of index —a and (j4.3[) holds. 

Remark 4.1. Ijacobsen et al. I <l2009h gave an explicit construction of the cr-finite 
measure v in Theorem 14.11 above . In fact, if (|4.2j) fails for (3 = f3 , then, for any real 
number a and b satisfying < a 2 + b 2 < 1, we can define g(x) = l + acos(/?o logx) + 
b sin(/?o log x) and dv — gdv a will qualify for the measure in the converse part, where 
v a is the cr-finite measure given by i/ a (x, oo) = x~ a for any x > 0. 
It is easy to check that < g(x) < 2 for all x > and hence 

v(x,oo) < 2x~ a . (4.4) 
Also, it is known from Theorem 2.1 of Ijacobsen et al. I <l2009T) that 

v © p = \\p\\ a v a , (4.5) 

where ||p|| a = J °° y a p(dy) < oo, by dUTJ. 

We are now ready to state the main result of this section. 

Theorem 4.2. Let {X t ,t > 1} be a sequence of identically distributed, pairwise 
asymptotically independent positive random variables and {Ot,t > 1} be a sequence 
of positive random variables independent of {X t }, such that — Ym=i ®tXt is 

finite with probability one and has regularly varying tail of index —a, where a > 0. 
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Let {Qt,t > 1} satisfy the appropriate RW condition (IRWip or (|RW2j) . depending 
on the value of a. If we further have, for all f3 el, 

oo 

^E[er^0, (4.6) 
t=i 

then Xi has regularly varying tail of index —a and, as x — > oo, 

oo 

P[X (oo) > x] ~ P[Xi > x] ^ E[6?] as x ^ oo. 



We shall prove Theorem 14.21 in several steps. We collect the preliminary steps, 
which will also be useful for a converse to Theorem 14.21 into three separate lemmas. 
The first lemma controls the tail of the sum X^y 

Lemma 4.1. Let {X t } be a sequence of identically distributed positive random 
variables and {0f} be a sequence of positive random variables independent of {X t }. 
Suppose that the tail of X\ is dominated by a bounded regularly varying function R 
of index —a, where a > 0, that is, for all x > 0, 

P[Xi > x] < R(x). (4.7) 

Also assume that {0t} satisfies the appropriate RW condition depending on the 
value of a . Then, 

y y PE£ m+ l9«*t>E] n 

lim lim sup ' = U 

m^oo x ^oo R(X) 

and 

PjQtXt > x] 
R(x) 



lim lim sup > 
Proof. From Q3.5p . we have 



0. 



t=m+l 



J2 @ t X t > x 



t=m+l 



< p ^ tX * > x ]+ p 



t=m+l 



^ ®tXtt[e t x t <x] > 



(=771+1 



(4.8) 

Using (|4.7p , the summands of the first term on the right side of (|4.8p can be bounded 



as 



/•OO />OG 

P[Q t X t >x] = P[X t > x/u]G t (du) < R 
Jo Jo 



(x/u)G t (du). (4.9) 



Before analyzing the second term on the right side of (|4.8p . observe that, for 
7 > a, we have, using Fubini's theorem, (I4.7P and Karamata's theorem successively 



E [X?l [Xt < x] ] < 7 / " 7_1 P[Xt > u]du < 7 f u-'- 1 
Jo Jo 



R(u)du 



7 



7 — a 



-x 7 i?(x). 



Thus, there exists constant M = M(j), such that, for all x > 0, 

x-*E[X?l [Xt < w] \<MR(x). (4.10) 

We bound the second term on the right side of (|4.8|) , using (|4.10p , separately for 
the cases a < 1 and a > 1. For a < 1, we use (|3.6p and (I4.10p with 7 = 1, to get 



^ @t^*l[e t x t <x] > 



,t=m+l 



°° /"OO 

<M(1) / R{x/u)G t {du). (4.11) 

* , 1 Jo 



t=m+l 
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For a > 1, we use (|3.7[) and (|4.10|) with 7 = a + e, to get 



X! ®tXtl[e t x t <x] 



> x 



_t=m+l 



< M(a + e) 



_t=m+l 



R(x/u)G t (du) 



-1 a-f e 



Combining (|43|) . (l4TTTj) and (14TT2")) with the bound in 
complete if we show 



(4.12) 

, the proof will be 



00 „ 

lim limsup > / 



t=m+l ' 



and lim limsup > 

m — VrYi , ' ^ 



R{x/u) 
R(x) 

30 R(x/u 



R(x 



G t (du) = 0, for a < 1, 
G t (du) ) = 0. lor n ]. 



(4.13) 



t=m+l 

Note that, for a > 1, as in Remark 1 1.1[ the second limit above gives the first one 
as well. 



We bound the integrand using a variant of Potter's bound fsee lResnick and Willekens . 
,et e > 
) such tl 

R(x/u) 



1991L Lemma 2.2 ). Let e > be as in the RW conditions. Then there exists a x 
and a constant M > such that, for x > xq, we have 



R(x) 



< 



Mu a - e , if u < 1, 
Mu a+t , iil<u<x/x . 



(4.14) 



We split the range of integration in (|4.13[) into three intervals, namely (0,1], 
(1,x/xq] and (x/xq,oo). For x > xq, we bound the integrand over the first two 
integrals using (|4.14l) and hence the integrals get bounded by a multiple of E[0" -e ] 
and E[9" +e ] respectively. As R is bounded, by Markov's inequality, the third 
integral gets bounded by a multiple of x% +e E[e? +e ]/{x a+e R(x)}. Putting all the 
bounds together, we have 

R{x/u) i 



R(x) 



G t (du) < m E[er e ] + E[er e ] + -e- 



E[e^ 



a+ei 



^R(x) 

Then, (14.131) holds for a < 1 using the condition ([RWip and the fact that R is 
regularly varying of index —a. For a > 1, we need to further observe that, as 
a + e > 1 , we have 



R{x/u) 
R{x) 



G t (du] 



(E[eri + E[e° +£ ]) 



E[6 



? +e ] 



< (E[e t Q - £ ] + E[e^ +e ]) q+e 



x a+e R(x) 

xo (E[er £ ])^ 



xR{x) «+' 

and (|4. 13|) holds using the condition (|RW2[) and the fact that R is regularly varying 
of index —a. □ 

The next lemma considers the joint distribution of (0i Xi, 02.X2) and shows 
they are "somewhat" asymptotically independent, if (Xi,X2) are asymptotically 
independent. 

Lemma 4.2. Let (Xi,X2) and (0i,02) be two independent random vectors, such 
that each coordinate of either vector is positive. We assume that X\ and X2 have 
same distribution with their common tail dominated by a regularly varying function 
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R of index —a with a > 0, as in ()4.7[) . We also assume that R stays bounded away 
from on any bounded interval. We further assume that both 0i and Q 2 have 
(a + e)-th moments finite. Then 

hm — — = 0. 

x-^oo R(X) 

Proof. By asymptotic independence and (|4.7p . we have 

P[Xi > x, X 2 > x] = o(R{x)). (4.15) 

Further, since R is bounded away from on any bounded interval, P[Xi > x, X 2 > 
x] is bounded by a multiple of R(x). Then, 



V[<d 1 X 1 >x,Q 2 X 2 >x] 
R(x) 



P[Xi > x/u,X 2 > x/v] 
R{x) 

P[Xi > x/u,X 2 > x/v] 
R{x) 



G(du, dv) 

G(du, dv) 



< 



V[Xx > x/u,X 2 > x/u] 
V[Xi > x/u, X 2 > x/u] 



(d + G 2 )(du) 



R , s Mo,x/x ]( u )(Gi + G 2 ){du) 

<+ e (E[en + E[en) 

x a +tR{x) 

for any xq > 0. The integrand in the first term goes to 0, using (I4.15|) and the 
regular variation of R. Further choose xq as in Potter's bound (|4.14[) . Then, the 
integrand of the first term is bounded by a multiple of 1 + u Q+e , which is integrable 
with respect to G\ + G 2 . So, by Dominated Convergence Theorem, the first term 
goes to 0. For this choice of xq, the second term also goes to 0, as R is regularly 
varying of index —a. □ 

The next lemma compares YltLi P[QtX t > x] and P Et™ i &tX t > x]. 

Lemma 4.3. Let {X t } and {Qt} be two sequences of positive random variables. 
Then, we have, for any i < S < 1 and m > 2, 



P 

and 



J2 Q t X t > x 



> P[QtX t >x}- p [ ^ > ®tX t > x] (4.16) 

t=l l<sjtt<m 



J2 6tXt 



> X 



<^p[e t x t > 



1-6 1-5 

e s x s > -x,e t x t > -x 

m — 1 m — 1 

Proof. The first inequality ()4.16p follows from the fact that 



l<s=£t<m 



(4.17) 



J2 e * x * > x 



c y [Q t x t > x] 
t=i 
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and Bonfcrroni's inequality. 

For the second inequality (|4.17|) . observe that 



<J2 P i Q tX t >Sx]+P 



P J2 Q tX t >x 
-t=l 

Next we estimate the second term as 
P 



&tX t >x,\f O t X t < Sx 



{=1 



®tX t >x,\J O t X t < Sx 
t=i t=i 

ra m 

Y QtX t >x,\f e t x t < Sx, V e t x t > - 



< 



< 



< 



E? 

5=1 

m 



Ep 



V o t x t > x, V e t x t < Sx, e s x s > - 

.t=l t = l 

771 

y e t x t > x, e s x s < Sx, e s x s > - 



S=l 



t = l 

k 



Ve t i t > (i-s)x,e s x s > - 

' ' rn 



1 = 1 



^EEp 

\<s^t<m 

^EEp 

l<s/t<m 



o t Xt > -^U, e s x s > - 

m — 1 m 



1 S 1 s 
Q t X t > -x, <d s X s > -x 



m — 1 m — 1 

since S > 1/2 and m > 2 imply (1 — 5)/(m — 1) < 1/m. 



□ 



With the above three lemmas, we are now ready to show the tail equivalence of 
the distribution of X/^ and YltLi P[®tXt G •]. 

Proposition 4.1. Let {X t ,t > 1} be a sequence of identically distributed, pairwise 
asymptotically independent positive random variables and {Ot,i > 1} be a sequence 
of positive random variables independent of {X t }, such that Xt^ — YltLi ®tXt is 
finite with probability one and has regularly varying tail of index —a, where a > 0. 
Let {@t,t > 1} satisfy the appropriate RW condition (jRWip or (|RW2j) . depending 
on the value of a. Then, as x — >■ oo, 

oo 

jr t P[Q t X t >x]~-p[X [oo) >x]. 
t=i 

Proof. We first show that the tail of X\ can be dominated by a multiple of the tail 
of -XV oo), so that Lemmas 14.11 and 14.21 apply. Note that the tail of .XVoc) is bounded 
and stays bounded away from on any bounded interval. As 9i is a positive 
random variable, choose r\ > such that P[9i > 77] > 0. Then, for all x > 0, 



P[X (oo) > rjx] > P[6iXi > n x, 9i > r]} > P[X! > x] P[6i > rj\. 
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Further, using the regular variation of the tail of Xr^, X\ satisfies ()4.7p with R as 
a multiple of P[X( QO ) > •]. Thus, from Lemmas 14.11 and 14.21 we have, 



lim lim sup ■ 



lim lim sup > 



P[X {oo) > x] 
v P[Q t X t > x] 



and, for any s =/= t, 



lim 



~ t=m+ i p [*(~) >a; ] 

p[e s x s >x,e t x t > x ] 



p\x 



(oo) 



> X\ 



= o, 

= 0, 
= 0. 



(4.18) 
(4.19) 

(4.20) 



Choose any S > 0. Then 

P [X {oo) > (1 + 5)*] < P 



®tX t > x 



e t x t >Sx 



t=m+l 



and from (|4.18p and the regular variation of the tail of Xr^, we have 

lim hminf P ^ e ^r ] >l- 
Further, using the trivial bound PEt=i @t-^t > - T ] < P[X(oo) > x], we have 



1 < lim liminf 

m— >oo a;— ^oo 



pi, 



(oo) 



> X 



< lim lim sup LZ ^ - 1 . J < 1. 

P[X (oo) > x] 

^ (4-21) 

We next replace P{J2tLi ®tX t > x] in the numerator by J2tLi P[©<At > x \- We 
obtain the upper bound first. From (|4.16p . (|4.20[) and (|4.2ip . we get 

r E?=inQtX t >x] 

hm sup j : < 1 

x^oo P[A (oo ) > X\ 

and letting m — > oo, we get the upper bound. The lower bound follows using 
exactly similar lines, but using (|4.17p and the regular variation of the tail of Xi^ 
instead of (|4.16l) . Putting together, we get 



1 < lim liminf 

m— >-oo x— >oo 



EZi P&tXt >x] YZin®tX t >x] 

< hm hm sup — ; < 1 . 



PX, 



(oo) 



> X 



P[X(c 



> X 



Then the result follows combining (|4.19p and (|4.22p . 
We are now ready to prove Theorem 14.21 



(4.22) 
□ 



Proof of Theorem \4-2\ Let v be the law of X\ and define the measure p(-) — 
X^iP[G>* € •]. As observed in Remark 11.11 under the RW conditions, for all 
values of a, we have Y^tLi E[©" +e ] < 00 • Thus, p is a er-finite measure. Also, 
by Proposition 14.11 we have v © p(x, oo) = YltLi P[©t-^t > x ] ~ P[^(oo) > £]• 
Hence v ® p has regular ly varying tail o f inde x —a. As 2/ is a probability mea- 
sure, by Remark 2.4 of I Jacobsen et all (|2009h . (|43t holds. The RW condition 
implies (j4~H . Finally, (j472|) holds, since, for all /3 € M, we have, from (|4.6p . 

y a+ip p(dy) = YT=i^[ Q t +i ' 3 ] ^ 0. Hence, by Theorem S3 Xi has regularly 
varying tail of index —a. □ 
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As in Theorem I4.1[ (|4.6|) is necessary for Theorem 14.21 and we give its converse 
below. 

Theorem 4.3. Let {0f,t > 1} be a sequence of positive random variables satisfying 
the condition (|KWT|) or (|RW2"1) . for some a>0, but J2Zi Eie"^ ] = for some 
/3q G K. Then there exists a sequence of i.i.d. positive random variables {X t }, such 
that X\ does not have a regularly varying tail, but -X"(oo) is finite almost surely and 
has regularly varying tail of index —a. 



The proof depends on an analogue of Proposition 14.11 

Proposition 4.2. Let {X t ,t > 1} be a sequence of identically distributed, pairwise 
asymptotically independent positive random variables and {0t, t > 1} be a sequence 
of positive random variables satisfying the condition (|RW1[) or (|RW2[) for some 
a > and independent of {Xt}. If X)t=i P[®t-^* > x ] * s regularly varying of index 
—a, then, as x — > oo, 

oo 

^TP[6A >x] ~P[X (oo) >x] 
t=i 

and X^j is finite with probability one. 

Proof. We shall denote R{x) = SfciPpA > x]. As 0i is a positive random 
variable, choose r\ > such that P[Oi > rj\ > 0. Then, for all x > 0, we have 
R(x) > P[0iAi > nx, 9i > rf\ > P[Xi > x}P[Qi > n] and using the regular 
variation of R, the tail of X\ is dominated by a constant multiple of R. Also, note 
that, R is bounded and stays bounded away from on any bounded interval. Then, 
from Lemmas 14.11 and 14.21 we have 



and, for any s =/= t, 



hm hmsup 7m = 0' (4.23) 

Tt^OO -r^oo R(X) 

hm hmsup Y P [ e ff >*! =0 , (4.24) 
M t J-f +i R(x) 



r P[®sX s >x,Q t X t >x] 

hm — = 0. (4.25) 

rr-s-oc R(X) 



Using (|4.24p . we have 

, , , P[Q t x t >x] , , £"\ p\e t x t > x\ 

1< lim liminf 1 . . -< Km limsup , . ± < 1. 

it(.T) m^oo 2,^00 it(a;) 



As in the proof of Proposition 14.11 using (|4.16l) . (14. 17)) and (|4.25[) . the above in- 
equalities reduce to 

, , , p Er 1 ®tX t >x] , , pe™, Q t X t > x] 

1< lim liminf l ^ t=1 ' -< lim limsup l ^ t ~ 1 . . -<1 

and the tail equivalence follows using (|4.23[) and the regular variation of R. Since 
R(x) — > 0, the tail equivalence also shows the almost sure finiteness of X/^ . □ 

Next, we prove Theorem 14.31 using the converse part of Theorem 14. II 
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Proof of Theorem\l3\ Define the measure p(-) = Eti P [ t € •]• By the RW 
moment condition, the measure p is cr-finite. Further, we have, J °° y a+if3 ° p{dy) = 0. 
Now by converse part of Theorem 14. 1[ there exists a cr-finite measure v, whose tail is 
not regularly varying, but v®p has regularly varying tail. N ext, define a probabilit y 
measure p using the cr-finite measure v as in Theorem 3.1 of Jacobsen et al.l ( 20091 ). 
Choose b > 1, such that i/(b, oo) < 1 and define a probability measure on (0, oo) by 

p(B) = is(Bn (b, oo)) + (1 - v(b,oo))l B (l), where B is Borel subset of (0,oo). 

First observe that 

{u(y,oo), for y > b, 
v(b,oo), for 1 < y < b, 
1, for y < 1. 

Thus, p does not have a regularly varying tail and 



p © p{x, oo) = / p{x/u,oo)p{du) 

3 

r x/b 



vixju, oo)p{du) + v(b, oo)p[x/b, x) + p[x, oo) 



=v © p(x, oo) — 2x a / u a p(du) 

Jx/b 

+ h>(b, oo)p[x/b, x) + p[x, oo). 

Now, using the bound from (|4.4[) and (|4.5j) . the second term is bounded by, for 

x > 6, 

2 U ® Pi x i 00 ) 

IIpIU 

as a; — ?> oo, since J °° u a+e p(du) < oo by the RW conditions. The sum of the last 
two terms can be bounded by 

1 + is(b,oo)b a+e 



u a+c p(du) = o(v © p(x, oo)) 

/b 



r ct+<; 



e p(du) = o(v © p(x, oo)), 



(I 



as x — y oo, since v © p(x, oo) is regularly varying of index —a. Thus, p © p(x, oo) ~ 
v © p(x, oo) as x — > oo and hence is regularly varying of index —a. 

Let X t be an i.i.d. sequence with common law p. Then, X\ does not have 
regularly varying tail. Further, by Proposition 14. 2[ X/^s is finite with probability 
one and P^^) > x] ~ p © p(x, oo) is regularly varying of index —a. □ 
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